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von Th€unen: Capital, Production Functions,
Marginal Productivity Wages, and the
Natural Wage
Bjarne S. Jensen
University of Southern Denmark
Abstract. This paper puts seminal contributions to theory of production functions and
maximization of explicit quantitative objective functions by Johann Heinrich von Th€unen
into a systematic historical perspective. We show that his comprehensive ‘Tableau Econo-
miques’ do imply two exact parametric production functions. Moreover, the renowned ‘geo-
metric mean wage’ formula is restated as an exact CES marginal labor productivity wage
for r = 2. We review four alternative modes of normative (natural) wage calculations
without an explicit production function, and conclude that von Th€unen’s natural wage dif-
ferentiation formulas are bona fide alternatives for deriving the natural wage formula.
JEL classification: D24, O41.
Keywords: Production functions; marginal productivity and substitution
elasticity; objective function; natural wage.
1. INTRODUCTION
It is well known that concepts of diminishing marginal productivity of produc-
tion factors are seen, implicitly or explicitly, in Turgot, Smith, Malthus, Ricardo
and that quantitative analyses of marginal productivities for labor and capital
first came by Th€unen, cf. Schumpeter (1954), Lloyd (1969), Brems (1986), Streiss-
ler (1995), Blaug (2002).
von Th€unen not only gave Tables of quantitative marginal productivity calcula-
tions, he was also the first to give an algebraic formula of a production function with
labor and capital (Lloyd, 1969, p. 31; 2001, p. 3). By his natural (normative) wage
formula, he provided the first occurrence in the literature of models, where
important results (theorems) are deduced by maximizing an explicit objective func-
tion (Dorfman, 1986, p. 1774). Also von Th€unen anticipated correctly the Uzawa
two-sector model of capital formation (Samuelson, 1983, p. 1485). All these topics
are entailed in the title of this paper.
With the range of subjects in von Th€unen’s great work ‘The Isolated State’, it
is not surprising that it was, then and now, difficult to read and comprehend.
These difficulties were compounded, however, by chapter orders, as major results
and the basic tables are presented early, Chs. 11–12, and explained and used with
symbols at the end, Chs. 17–20. Let us hear Th€unen1:
1. Th€unen, Ch. 13 (1990, pp. 531–532; 1875, 2.I, pp. 139–140), Dempsey (1960, p. 280). Always,
German texts of our von Th€unen references (1990, 1875) are identical. Dempsey (1960) are the
English translations.
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‘From proceeding considerations, we have shed some light on the essence of the
interest rate [‘Zinsfuss’ z ] and wages [‘Arbeitslohn’ A = a + y ], realizing,
1 that (z) represents a relationship between the effectiveness of capital and the
effectiveness of labor currently employed,
2 that for wages [a + y], a generally valid expression is found to be, a + y = p/
(1 + qz). Accordingly, (p), (y), and, (z), are functions of (q). The problem there-
fore is to find for a given (q), the values of (p), (y), and (z) – and the question
arises, whether as many equations can be found, as are necessary for the deter-
mination of the unknowns’.
His interest rate (z), [ratio of marginal marginal productivity of capital, MPKðkÞ
and labor, MPLðkÞ] is a marginal rate of substitution, Marshall (1920, p. 522) said
Th€unen applied well. Using the (z) variable, there is allocative efficiency in his
two-sector model.
In his generally valid wage expression, A = a + y = p/(1 + qz), A = a + y is a
budget constraint for consumption and saving, and A = p/(1 + qz) is a factor
income identity with labor, capital, [p: total product of a labor-year; q: capital–
labor ratio]; see (44–45). Thus income and budget restrictions are satisfied in
Tables and in solving his Equations.
In accordance with the main topics above, the first issue and main subject in
this paper is to show how von Th€unen coped with (resolved) problems of obtain-
ing production functions in adequate quantitative (parametric) forms. As to get-
ting explicit production functions with two variable production factors, Labor
(L) and real Capital (K), his first problem was: How to describe their joint interac-
tion in producing a final good (Y) and express precisely the ‘productivity effect’
[‘Wirksamkeit’] of one variable (capital) upon the average productivity of the
other variable (labor), i.e., how does a larger (K) affect the size of the labor pro-
ductivity: APL ¼ Y=L? He had examined separate expressions for both the mar-
ginal products of labor and capital. Then he tentatively assumed that the
marginal product of capital (MPK) is numerically the same thing as the rate of
increase in labor productivity ðAPL) with respect to capital. Luckily, this conjec-
ture holds for any linear homogeneous function (Euler’s theorem) of two factors.
With this crucial economic hypothesis and mathematical conjecture, the road
was opened up to concrete versions of a modern production function (in discrete
form) being derived and tabulated. Extensions to smooth production functions
with isoquants are fully explained. The basic questions involved have so far not
received their correct answers in the economic literature.
As to the quantitative treatments of production functions (technology), a fun-
damental issue for any explicit production functions is: How rapidly does the
diminishing marginal productivity of capital actually take place? The modern
and general answer is given by the size of the elasticity of the marginal productivity
of capital, MPKðkÞ:
EðMPKðkÞ; kÞ ¼ Eðf 0ðkÞ; kÞ ¼ f 00ðkÞk=f 0ðkÞ ð1Þ
where ‘diminishing marginal productivity’ is the concavity property, f 00ðkÞ\ 0,
of the production function: f ðkÞ ¼ y ¼ Y=L ¼ APL ; Y = F(L,K) = Lf(k);
f 0ðkÞ ¼ MPKðkÞ.
B. S. Jensen
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The reciprocal of EðMPKðkÞ; kÞ is Eðk;MPKÞ, which is the elasticity of the factor
demand curve for capital by cost minimizing or profit maximizing producers. Thus,
if EðMPKðkÞ; kÞ is numerically large (>1), i.e., MPKðkÞ falling rapidly, then the factor
demand of capital is inelastic, Eðk;MPKÞ\1; hence the total remuneration (re-
turn) to capital, RðkÞ ¼ MPKðkÞk, declines with increasing use of capital, and so
the factor cost (income) share of capital, KðkÞ ¼ RðkÞ=APL ¼ MPK=APK, is falling.
The factor substitution elasticity r(k), (≶1), tells the same story about the direc-
tions of the factor shares, KðkÞ, LðkÞ, as did the elasticity, EðMPKðkÞ; kÞ. Indeed,
we have,
rðkÞ ¼ LðkÞ=EðMPKðkÞ; kÞ; EðMPKðkÞ; kÞrðkÞ ¼ 1 KðkÞ ¼ LðkÞ ð2Þ
EðAPK;MPKÞ ¼ 1=EðMPK;APKÞ ¼ rðkÞ ¼ 1=EðMPL;APLÞ ¼ EðAPL;MPLÞ ð3Þ
where (2) is an equivalent form of r(k), as defined by Hicks (1932), whereas (3)
was used by Arrow et al. (1961) to obtain CES, when r(k) is a constant. Generally
(2)–(3) are shown and used to evaluate the economic implications of specific func-
tional forms of f(k).
But how are the relevant parametric specifications of production functions in
(1)–(3) actually obtained? Essentially, there are two approaches. Either, you can
experiment with plausible specifications of f 0ðkÞ and integrate these expressions
to get f(k), or, you can try specifying functional forms of f(k), and check the
derivatives for economic relevance as marginal productivities. von Th€unen began
with the first approach, and ended with getting a relevant f(k) form by the sec-
ond approach. It is a fascinating story to unfold succinctly. We will proceed
axiomatically in our exposition and sections.
The organization of the paper is as follows. Section 2 shows his Tables 1–2 of
one-factor (labor) marginal productivity schedules. It presents the principle of fac-
tor (capital–labor) substitution and gives his pivotal discrete formula for the mar-
ginal productivity of capital. In section 3, we establish the discrete and smooth
parametric production function of labor and capital, F(L,K), involved in his Tables
A–B. Many economic implications of this production function are exhibited in von
Th€unen’s ‘Tableau Economique’ (A–C). Section 4 gives von Th€unen’s own smooth
parametric production function, F(L,K), and the crucial Table C. Section 5 has focus
on resolving the difficult model issues and debates about his normative wage calcu-
lations. In section 6, the marginal productivity wage of the CES case, r = 2, is for-
mally restated exactly as his revered ‘natural wage’ formula. It concludes and
summarizes with the properties (1–3) of f(k) in review.
2. MARGINAL PRODUCTIVITIES OF LABOR AND CAPITAL
2.1. The marginal products of labor
On his estate Tellow in Mecklenburg, von Th€unen was a good farmer; account-
ing records of estate costs and sales were carefully kept and studied in optimizing
various economic activities. Nevertheless, what are shown throughout below are
not empirical/harvest data, but his ‘abstract (illustrative) productivity numbers’.
The staple crops in North Germany at his time were rye and potatoes.
von Th€unen points out, Th€unen (1990, p. 416; 1875, 2.I, p. 19), Dempsey
(1960, p. 203): ‘It is in the nature of agriculture – and this is a circumstance that
von Th€unen: Capital, Production Functions
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must be stressed – that the additional yield is not in direct proportion to the
number of additional laborers, but every additional laborer brings an additional
product lower than the proceeding. For an example we show the following
schedule [Table 1]. With this schedule and the rye prices per bushel and annual
wages of workers, it turns out for obtaining maximum profit [“h€ochsten Reiner-
trag zu erlangen”]: the 22nd labor still shows a profit; when hiring the 23rd
laborer, gain and cost compensate; the addition of the 24th laborer means a loss’.
However, von Th€unen did not indicate any formula behind the MPL numbers
in Tables 1-2. With no indication of rounding errors, these numbers somehow
exhibited no clear arithmetic rules. It appears that Lloyd (1969, pp. 27–28) was
the first to uncover the geometric series (quotient: 9/10, 2/3 ) actually involved in
the Tables 1–2. Neither these Table numbers, nor symbols were used in von
Th€unen (1990, 1875), Dempsey (1960). Let us state these MPL schedules, and cal-
culate ‘missing’ numbers for total product, Y.
The marginal productivity of one (variable) factor, labor (L) in Table 1, is
DY ¼ MPL; MPLðLÞ ¼ 100ð0:9ÞL21;LP1; MPLð1Þ ¼ 100ð0:9Þ20 ¼ 822:5
where MPL is calibrated on, L = 21, with MPLð1Þ calculated accordingly. Thus
Y(L) is given by the sum formula – ½limL!1 YðLÞ ¼ 822:5=ð1 9=10Þ ¼ 8225:
YðLÞ ¼
XL
i¼1
MPLðiÞ ¼ MPLð1Þ½ð1 ð0:9ÞLÞ=ð1 0:9Þ; LP1; MPLð1Þ ¼ 822:5
which offers the ‘missing’ harvest data (Y) – conforming to the actual MPL in
Table 1. The average products, APLðLÞ ¼ YðLÞ=L, Tables 1–2, are given directly by
the columns.
Similarly, the marginal productivity of labor in Table 2 (quotient: 2/3) is:
MPLðLÞ ¼ 2ð2=3ÞL8; LP1; MPLð8Þ ¼ 2; MPLð1Þ ¼ 2ð2=3Þ7 ¼ 34:2
where MPL is calibrated on integer value, L = 8 – and MPLð1Þ calculated as
YðLÞ ¼
XL
i¼1MPLðiÞ ¼ Yð1Þ½ð1 ð2=3Þ
LÞ=ð1 2=3Þ; LP1;Yð1Þ ¼ 34:2
Some, e.g., Frisch (1965, p. 85), see column 2 as actual ‘crop yield data’, such
that MPL (column 3) are simply the increments from column 2. But the harvest
data are ‘too good’ for this interpretation. ‘Harvest numbers’ (Y) come up as in
Table 1.
Table 1 Marginal productivity of labor – MPL (‘Mehrertrag’) – in harvesting rye
Laborers L MPL (bushels) Harvest Y (bushels) APL (bushels) LðLÞ
The 19th laborer 123 7114.15 374.4 0.321
The 20th laborer 111 7225.26 361.3 0.307
The 21th laborer 100 7325.26 348.8 0.287
The 22th laborer 90 7415.26 337.1 0.267
The 23rd laborer 81 7496.26 325.9 0.249
The 24th laborer 73 7569.16 315.4 0.230
Source: Th€unen, (1990, p. 416; 1875, 2.I, p. 19), Dempsey (1960, p. 203); Hall (1966, p. 235).
Y, APL, and LðLÞ were not shown; the rows for, L = 19, 20, were at the bottom.
B. S. Jensen
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After Table 2 discussions, Th€unen, Ch. 19 (1990, p. 576; 1875, 2.I, p. 185),
Dempsey (1960, p. 312) states: ‘The value of the labor of the last worker employed is
also his wage (italics original). This proposition admits many-sided applications
in social life’. His marginal value product (MVP) proposition for labor values (fac-
tor prices, wages) become, in our symbols, (w: wage rate; p: price of product):
w ¼ MVPL ¼ p MPL; L ¼ wL
pY
¼ MPL
APL
ð4Þ
where (w) and (p) are given in a common monetary unit [‘Taler’ (12 Mark Silver)
or any other currency], and L is the labor cost share for the total product
volume/output.
2.2. The marginal products of capital – and factor substitution
The productive nature and origin of capital is discussed in several chapters of
‘The Isolated State’. We quote, Th€unen, Ch. 17 (1990, pp. 553–554; 1875, 2.I, pp.
161–165), Dempsey (1960, pp. 295–296): ‘Given that there is peat bog [“Torf-
moor”] on an estate out which the water must be drained every year in order to
cut this peat, and that to drain the water calls for a year’s labor of a man, (“die
Jahresarbeit eines Mannes,” Jahresarbeiten, J.A).
Now, if a channel is dug by which the peat bog is drained, the annually recur-
ring work of a man is replaced by the capital invested in digging the channel. So
by means of capital, labor is directly saved. The capital now does the work which
would otherwise be done by one man’s labor. If digging the channel required,
for example, 20 J.A., the capital invested would bear a return of 5% [1/
20 = 0.05]. The capital used [Kapitalnutzung] here is not expressed in bushels of
rye or Talers, but in years of work’ (labor-years, J.A).
Table 2 Marginal productivity of labor, MPL, in harvesting potatoes
Persons
employed collecting
potatoes
Increment (‘Mehrertrag’)
by last employed person
Labor productivity
(‘Arbeitsprodukt’)
Relative share
L ¼ MPL=APL
Persons L Harvest Y MPL APL ¼ Y=L LðLÞ
4 80.0 bushels – 20.0 bushels –
5 86.6 bushels 6.6 bushels 17.3 bushels 0.38
6 91.0 bushels 4.4 bushels 15.2 bushels 0.29
7 94.0 bushels 3.0 bushels 13.4 bushels 0.22
8 96.0 bushels 2.0 bushels 12.0 bushels 0.17
9 97.3 bushels 1.3 bushels 10.8 bushels 0.12
10 98.2 bushels 0.9 bushels 9.8 bushels 0.09
11 98.8 bushels 0.6 bushels 9.0 bushels 0.07
12 99.2 bushels 0.4 bushels 8.3 bushels 0.05
Source: Th€unen, Ch. 19 (1990, p. 570; 1875, 2.I, p. 179); Dempsey (1960, p. 307); Hall (1966, p. 255).
APL, LðLÞ were not shown. The ‘harvest data’ (Y) in Table 2 – which are not empirical observations
(data) – display minor discrepancies, but most of the ‘geometric series’ of MPLðLÞ and Y(L) are exact.
von Th€unen: Capital, Production Functions
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Although the terminology2 of factor substitution with isoquants is obviously
not used, the quote clearly involves these concepts. Indeed the amount of capital
was even measured by the number of recurrent annual labour services (J.A) that
it can replace.
As to the return (yield) and factor price of capital, Th€unen, Ch. 9 (1990, p.
498; 1875, 2.I, p. 103), Dempsey (1960, p. 257) says: ‘The rental (“Rente”), which
capital as a whole gives when hired out, is determined by the yield (“Nutzung”)
of the last unit of capital. This is one of the most important theorems in the the-
ory of rental rates’.
Although a diverse terminology is used – about units of measurements and
about the advantages of optimal capital stock increases – the marginal productiv-
ity factor price proposition, (4), is evidently involved and extended to the pro-
duction factor, capital:
r ¼ MVPK ¼ p MPK; KðKÞ ¼ rK
pY
¼ MPK
APK
ð5Þ
where (r), the rental rate (factor price) of using capital services (input), is
given in the same monetary unit as (p), price of product; KðKÞ is the
capital cost share (‘unit free’). Diminishing rental rates are explicitly stated,
Th€unen, Ch. 8 (1990, p. 494; 1875, 2.I, p. 99), Dempsey (1960, p. 255): ‘Every
additional capital brings less rentals (“Renten”) than capital previously
employed’.
Next, Th€unen, Ch. 9 (1990, p. 495; 1875, 2.I, p. 100), Dempsey (1960, p. 255)
asks: ‘The question is: On what schedule can the decreasing effectiveness of capital
[“abnehmende Wirksamkeit des Kapitals”] be shown? Later on, when such
required assumptions must to stated, the inquiry into the relation [f(k)] between
capital [k] and the product of labor [y] will be subject of a special investigation.3
Here the need arises first to set up a series the parts of which are continuously
2. ‘Das Kapital hat einerseits die Eigenschaft, Arbeit zu ersetzen, und anderseits ist das Kapital das
Erzeugnis menschlicher Arbeit. Wie ist in dieser Wechselwirkung Einheit and Klarheit zu finden?
Aus 1 J.A. Kapital geht also ein Produkt (“Ertrag”) von, p/(k + q), Scheffel hervor. [ k = 1/z]
DK ¼ 1 : Dp ¼ DAPL ¼ p
kþ q ¼
APL
1=zþ k ¼
APL
MPL=MPK þ k ¼
APL MPK
MPL þMPKk ¼ MPK
Hier erscheint das Kapital selbst als Arbeiter. Indessen is das Kapital an sich ein totes und kann
nur durch die Hand des Menschen wirksam werden; aber indem es die Wirksamkeit des Men-
schen erh€oht, erscheint sie als Mitarbeiter. In diesen Sinn ist es zu nehmen, wenn hier und in
der Folge von der Arbeit des Kapitals die Rede ist’, Th€unen, Ch. 17 (1990, p. 557; 1875, 2.I, p.
165). Instead of ‘capital’ as ‘dead man working’ substituting with living labor, his ‘capital sym-
bol’ (k) is our, MRS = MPL=MPK.
3. The inquiry of a suitable relation y = f(k) took a long time. From a letter extract (to his brother,
26 November 1845), we read, Schneider (1934, p. 6): ‘Due to my peculiar nature, I can only keep
going, when I have some solid mathematical foundation. For the natural wage rate, the expression,ﬃﬃﬃﬃﬃ
ap
p
, is found [found 1830 ]; it may be perfectly correct, but in order to make a numerical applica-
tion of it, the law connecting (q) and (p) – capital and product – must be found and demonstrated. The
research into such law has occupied me for 20 years, but since the real world for that hereto
delivers no data, unfortunately always in vain. Although the obtained knowledge that the natu-
ral wage rate is
ﬃﬃﬃﬃﬃ
ap
p
is an important result for me, to continue working with true joy, I must
know the relationship between (q) and (p)’.
B. S. Jensen
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smaller, and this condition is satisfied by a geometric series, the base of which is a
fraction, as (9/10), ð9=10Þ2, ð9=10Þ3, ð9=10Þ4.
In order to have definite figures for our inquiry and to be able further to
develop them, I assume as a preliminary that the product of labor of one man in-
creases by the application of the first capital of 1 J.A. by 40c; a second capital of
1 J.A. by (9/10)40c or 36c; a third capital of 1 J.A. by (9/10)36c or 32.4c, and so
forth. The continuation of that calculation gives the following schedule (italics
ours)’ – output (rye) unit (c) omitted:
DAPLðkÞ ¼ MPKðkÞ ¼ 40ð0:9Þk1; MPKð1Þ ¼ 40; k ¼ K=L; k ¼ 1;2;3; . . . ð6Þ
This MPKðkÞschedule (6) entered – as shown in column (5) below – his Table A.
The discrete capital input variable in (6) is measured by the size of capital per
labor-year [capital–labor ratio, k = K/L]. As to relations between output (Y) and
inputs, crucial distinctions exist for one-factor MPLðLÞ formulas and two-factor
MPKðkÞ, (6).
3. PRODUCT, LABOR, CAPITAL: Y = F(L,K) = Lf(k)
The establishment of a solid economic factor price foundation for the wage rate
and rental rate determination and cost minimization by using the marginal pro-
ductivity principle was not the only goal of von Th€unen’s many inductive and
deductive investigations.
His primary objective became subsequently even more ambitious: To find a
clear, rational (objective) principle for the respective contributions and shares of
labor and capital, (L,K), to the total output/production (Y), and so precisely
answering the fundamental question: How can – for two production factors (L,K)
– coherent sets of numbers be calculated for the common average productivity,
APLðL;KÞ and joint output (Y)?
The answer relied upon his key assumption (conjecture),
DAPLðkÞ ¼ MPKðkÞ; k ¼ K=L; k ¼ 1;2;3; . . .;1 ð7Þ
Th€unen, Ch. 9 (1990, p. 496; 1875, 2.I, p. 101), Dempsey (1960, p. 256) used (6–
7) arithmetically by successively adding MPKðkÞ numbers (6) to obtain his actual
APL numbers (column 2) in Table A.
But the discrete relation (7) holds generally, without being tied to specific rules
like the geometric series, MPKðkÞ, (6). However, there is a critical problem for a
general proceeding with (7). What is the initial value of APL? He uses:
K ¼ 0; k ¼ 0 : APLð0Þ ¼ 110; k ¼ 0 : MPLð0Þ ¼ 110; cL ¼ 100 ð8Þ
APLð0Þ: Product of a man without capital (Arbeitsprodukt eines Mannes ohne
Kapital), MPLð0Þ: Marginal productivity of labor without capital (Arbeitslohn
ohne Kapital).
The Tables 1–2 had production, APL, MPL, without capital, and this should
also apply to (8). We can arbitrarily fix the size of APLð0Þ. But we know from
von Th€unen: Capital, Production Functions
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Tables 1–2 that MPLð0Þ4 must be much lower, and can the limit wage, MPLð0Þ,
then be so low that even a consumption condition of subsistence, ðcL ¼ 100Þ, is
not satisfied. To escape this dilemma, MPLð0Þ was preliminary fixed also at 110,
chosen as 10% above ðcL), cf. (8). However, the exogenous sizes of ðcL) are clearly
irrelevant for production functions below; ðcL) first becomes important for the
natural wage rate calculations in section 5.
3.1. Homogeneous labor productivity function, APLðL;KÞ ¼ f ðkÞ
We must, for later use, start with the genesis of the rigorous establishment of the
mathematical properties for some of the general equations – as well as for the
specific parametric production functions – implicitly involved in his Tables A–B,
Ch. 11–12), where he fully recognized the interaction and joint venture of two fac-
tors (Th€unen, 1990, Ch. 19, p. 584; 1875, 2.I, p. 193; Dempsey, 1960, p. 317;
Douglas, 1934, pp. 36; Samuelson, 1983, p. 1469):
I: ‘The work product (‘Arbeitsprodukt’) is the common product of labor and
capital. How is now the share which both factors each has in the common pro-
duct to be measured? The effectiveness of capital is measured by the increment in
the product per man, which occurs through the increase of the capital with which
a man works. Here labor is constant, but capital is a variable quantity’.
II: ‘If we retain this procedure, but conversely consider capital as constant and
the quantity of labor as increasing, then essentially the effectiveness of labor must
also be obtained through the increment in the total product by the increase of one
worker, and by which an information about the share of labor in the work pro-
duct can be obtained’.
The first statement (I) gives – in incremental form – the fundamental and truly
remarkable relations between,‘Arbeitsprodukt’ = ‘Total product of one labor-
year’ = Average product of labor (y ¼ Y=L ¼ APL), and ‘Kapital’ = ‘capital–labor
ratio’ (k = K/L) :
D y ¼D APLðkÞ ¼ APLðkÞ  APLðk 1Þ ¼ MPKðkÞ; k ¼ 1;2;3; . . .
y ¼Y=L ¼ APLðkÞ ¼ APLðk 1Þ þMPKðkÞ; k ¼ 1;2;3; . . .
ð9Þ
y ¼ APLðkÞ ¼ APLð0Þ þ
Xk
i¼1D APLðiÞ ¼ APLð0Þ þ
Xk
i¼1MPKðiÞ; k ¼ 1;2;3; . . .
ð10Þ
Thus, the increment in the average product of labor, DAPL, (9), is explained/cal-
culated by effectiveness of capital (Wirksamkeit des Kapitals, MPK) – as this term
was earlier discussed and replaced by the modern term, marginal product of capi-
tal, MPKðkÞ, (6).
4. Th€unen, Ch. 12 (1990, p. 510; 1875, 2.I, p. 116), Dempsey (1960, p. 266) meets here a contradic-
tion: Capital initially did not exist, but is created by humans without capital. But it is difficult to
come up with algebraic relations that conform to any reality at low levels of capital, down to
zero. [‘Das Arbeitsprodukt (p) ist eine Funktion von (q), wenn (q) die Gr€osse des angewandten
Kapital bezeichnet; aber keine der von mir fast in allen algebraischen Formen aufgestellten
Gleichungen – bis zu den niedern Graden des Kapital, oder gar bis Null, – so zeigt sich derselben
Widerspruch, und das Dunkel, das hier herrscht’.
B. S. Jensen
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Let us dwell a bit on the general equations, (9–10) – that are not tied to special
MPK. The conjectured incremental formulation (9) has probably more suggestive
appeal for seeing the effects of larger capital, and it supports a better intuitive
understanding of the mathematical equivalence between increases in labor pro-
ductivity and the marginal products of capital than does its modern counterpart
in the differential calculus version,
AP0LðkÞ ¼ dAPLðkÞ=dk ¼dðY=LÞ=dðK=LÞ ¼ @½Lf ðkÞ=@K ¼ Lf 0ðkÞL ¼ f 0ðkÞ
¼@FðL;KÞ=@K ¼ MPKðL;KÞ ¼ MPKðkÞ
ð11Þ
where F(L, K) is a nonnegative smooth function, homogeneous of degree one,
L 6¼ 0,
Y ¼ FðL;KÞ ¼ L Fð1; kÞ ¼ LAPLðL;KÞ ¼ LAPLðkÞ ¼ Lf ðkÞ; Fð0;0Þ ¼ 0
and f(k) is strictly concave and monotonically increasing in k 2 [0,∞], i.e.,
8k[ 0 : f 0ðkÞ ¼ df ðkÞ=dk[0; f 0ðkÞ ¼ d2f ðkÞ=dk2\0
The second statement (II) gives in differential/incremental form these relations:
MPLðL;KÞ ¼@FðL;KÞ=@L  @½Lf ðkÞ=@L ¼ f ðkÞ þ Lf 0ðkÞK=L2
¼f ðkÞ þ f 0ðkÞk ¼ APLðkÞ MPKðkÞk ¼ MPLðkÞ
ð12Þ
MP0LðkÞ ¼ MP0KðkÞk ð13Þ
Y=K ¼ APKðkÞ ¼ f ðkÞ
k
;
dAPKðkÞ
dk
¼ MPLðkÞ
k2
;DAPKðkÞ ¼  MPLðkÞ
kðk 1Þ
Incremental relations (discrete, smooth) are here a bit less ‘simple’ than, (11), (7).
His ‘share’ of labor, mentioned in second statement (II), in the ‘work product’,
APLðkÞ, is his effectiveness of labor: MPLðkÞ, (12) – as his effectiveness of capital (in
the first statement) was given by : MPKðkÞ, (11).
Thus, in retrospect, Th€unen’s conjecture (7) underlying the simple discrete com-
putational formulas (9)–(10) had tacit support and rigorous foundation from the
mathematical homogeneity properties (Euler) displayed in (11)–(14) for two factors
(L, K), jointly involved in determining the product (output), average products,
and their marginal products.
3.2. Parametric production functions, F(L,K), of Tables A–B
Thequantitative production functionwith two interacting primary factors is derived by
combining special,MPKðkÞ, (6) – and general sum (10), (8) – to get the explicitAPLðkÞ:
APLðkÞ ¼ APLð0Þ þMPKð1Þ½ð1 ð0:9ÞkÞ=ð1 0:9Þ;APLð0Þ ¼ 110;MPKð1Þ ¼ 40
y ¼ Y=L ¼ APLðkÞ ¼ f ðkÞ ¼ 110þ 400½1 ð0:9Þk;APLð1Þ ¼ 150; k ¼ 1;2; . . .
ð14Þ
The formula (14) gives (directly) the labor productivity numbers in column 2,
Table A, and it represents the discrete version of a unique law connecting labor
productivity and the capital/labor ratio, i.e., what today is a production function in
the intensive form, y = f(k), k = 1, 2, 3, . . .. Note that this APLðkÞ, (14), is bounded
von Th€unen: Capital, Production Functions
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above: lim
k!1
APLðkÞ ¼ 510 ¼ lim
k!1
MPLðkÞ. The relevant closed form, (14), was not
stated by von Th€unen.
For later purposes, the smooth counterpart of the discrete function5 (14) is needed.
From themarginal productivity of capital, (6), (11), we have a continuous derivative,
MPK ¼ f 0ðkÞ ¼ 40ð0:9Þk1 ¼ ð40=0:9Þeðln 0:9Þk; f 0ð1Þ ¼ 40 ð15Þ
EðMPK; kÞ ¼ d lnMPK=d ln k ¼ ðln 0:9Þk ¼ 0:10536k
Next (15) gives by integration,
APLðkÞ ¼ f ðkÞ ¼
Z
f 0ðkÞdk ¼ ½40=ð0:9 ln 0:9Þeðln 0:9Þk þ y; y ¼ lim
k!1
f ðkÞ ð16Þ
We calibrate the smooth APLðkÞ, (16), as the discrete APLðkÞ in (14) at : k=1, i.e.,
f ð1Þ ¼ 150 ¼ ½40=ð0:9 ln0:9Þeðln 0:9Þ þ y , y ¼ 150 ð40=ln 0:9Þ ¼ 529:65 ð17Þ
Proposition 1. The smooth6 production function f(k) behindTableA is by (15–17):
y ¼ f ðkÞ ¼ 150þ ð40=ð0:9 ln 0:9Þ½eðln 0:9Þk  0:9; f ð1Þ ¼ 150; f 0ð1Þ ¼ 40
f ðkÞ ¼ 529:65 421:83e0:10536k; f ð0Þ ¼ 107:82; f 0ð0Þ ¼ 40=0:9 ¼ 44:44 ð18Þ
with isoquants, Figure 1(a), and derivatives with standard neoclassical properties:
f 0ðkÞ ¼ 44:44  e0:10536k[ 0; f 00ðkÞ ¼ 4:68  e0:10536k\0; k0
f 00ðkÞ=f 0ðkÞ ¼ ln 0:9 ¼ 0:10536;Eðf 0ðkÞ; kÞ ¼ 0:10536k
The explicit parametric form and qualitative type of (18) may be stated as,
y ¼ f ðkÞ ¼ y  ðb=aÞeak ¼ ymax  ½ðymax  yminÞ=aeak;0\a\1
Y ¼ FðL;KÞ ¼ L½y  ðb=aÞeak; Fð0;1Þ ¼ 0; Fð1;1Þ ¼ 150;MPLð1Þ ¼ 110 ð19Þ
Corollary 1 The smooth production function f(k) involved in Table B has
the form in Proposition 1 for Table A, but the expressions for f(k), f 0ðkÞ, F(L,K),
(18–19), are multiplied by A = 0.75; A is a TFP (total factor productivity)
parameter.
5. An alternative production function exhibited by the columns in Table B was extensively used in
some of von Th€unen’s ‘natural wage’ calculations. Hewanted to recognize and show that the fertility
of soil and the climate would affect production, factor returns and ‘natural wages’. He says: ‘If, due to
lower fertility of the soil, the worker with the same amount of capital produces a product one fourth
less than Table A the amounts of interest and wages fall by one fourth’ (Th€unen, 1990, p. 508; 1875,
2.I, p. 114; Dempsey, 1960, p. 265). Hence in Table B, columns are generated by, cf. (6), (14),
MPKðkÞ ¼ ð3=4Þf40ð0:9Þk1g ¼ 30ð0:9Þk1;MPKð1Þ ¼ 30; k ¼ 1;2; . . .
y ¼ APLðkÞ ¼ ð3=4Þf110þ 400½1 ð0:9Þkg; k ¼ 1;2;3; . . .
¼ 82:5þ 300½1 ð0:9Þkg;APLð1Þ ¼ 112:5
This last formula of y ¼ APLðkÞ for Table B was first obtained by van Suntum (1988, p. 396).
6. No (smooth) exponential function, f(k), (18), can exactly reproduce a discrete version (14), (6).
We prefer the calibration of the globally smooth f(k), (18), at k = 1; cf. (16–17).
B. S. Jensen
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Incidentally, we may note that for K = k = 0, the limit wage :
MPLð0Þ ¼ f ð0Þ ¼ 107:8 ¼ APLð0Þ, (18), can cover the ‘subsistence’ consumption,
ðcL ¼ 100Þ for Table A, whereas the low soil fertility Table B, with
f(0) = 0.75 9 107.8 = 80.9 cannot. Smooth production functions can resolve limit
issues that discrete functions could not, cf. Note 4.
3.3. Real wage, rental rate, factor share, substitution elasticity
No doubt von Th€unen felt exalted by his Tables A–B. Although he did not have our
Proposition 1 & Corollary 1 behind them, all the discrete numbers are correct for all
column variables. His knowledge of how to calculate the ‘joint product’, APLðkÞ, (col-
umns 5, 2), cf. (6–8), allowed him – in many other columns, as explained below – to
quantitatively solve, explain, and fully demonstrate implications of more capital
(comparative statics of capital–labor ratio variations) – and hence also evaluate the
plausibility of the economic results from his ‘discrete implicit’ production function,
(column 2) – our (14) and (18).
The factor pricing of capital was earlier given by (5–6). Thus the monetary
remuneration of total employed capital is then: rK, and for capital per labor: rk.
The ‘real’ compensation (‘Rente’, rentals) in terms of output units (rye) is, (r/p)k
= R(k),
RðkÞ ¼ ðr=pÞk ¼ MPKk ¼ 40ð0:9Þk1k ð20Þ
RðkÞ ¼ f 0ðkÞk ¼ 44:44  e0:10536kk;R0ðkÞ ¼ 0 : k ¼ 9:49; lim
k!1
RðkÞ ¼ 0 ð21Þ
The size of R(k), (20), is shown in column 6, Table A–B. Similarly, all labor units
get the same factor price (w), according to the principle: (4). With capital
5
3
1
40
0
5
2
61 3
6
2
4
K
L
Y : 110, 150, 220, 330, 440, 550, 660.
5
6
3
6
2 3 51
0
2
40
1
4
K
L
Y : 80, 160, 240, 320, 400, 480.
Isoquants of : Y = F (L,K) = Lf(k)
(a) (b)
Figure 1 (a) Isoquants of (18–19), (b) Isoquants of (39)
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involved in labor productivity, APLðk), and with capital compensation by R(k),
the factor compensation (in rye) of a labor unit was formally obtained by a
remainder calculation (residual) as,
w=p ¼ MPL ¼ APL  RðkÞ ¼ APL MPKk ¼ f ðkÞ  f ðkÞk ¼ ðAPK MPKÞk ð22Þ
tacitly justified by Euler’s theorem on homogeneous functions, (11–14).
By using the discrete APL, (14), MPK, (6), and inserting in (22), we have
MPLðkÞ ¼ 510 400ð0:9Þk½1þ ð1=9Þk; k ¼ 1;2;3; . . . ð23Þ
which explicitly gives column 3, Table A; lim
k!1
MPLðkÞ ¼ 510 ¼ lim
k!1
APLðkÞ.
By (22–23), MPLðkÞ, is monotone increasing in the expanding use of capital
(k). Thus ‘The decrease of the rentals -“Rente”, R(k) – with the growth of capital
benefits the worker and increases the wages of his work’ (italics original) (Th€unen,
1990, Ch. 9, p. 499; 1875, p. 104; Dempsey, 1960, p. 258). The conclusion
was: More ‘machinery’ never hurts the other production factor – the ‘real
wage’ rates (in rye), MPLðkÞ, of the employed workers.
The APK numbers of column 4 have the explicit formula (discrete), cf. (14),
APKðkÞ ¼ APLðkÞ=k ¼ ½510 400ð0:9Þk=k; k ¼ 1;2;3; . . . ð24Þ
which (as a ratio of increasing concave functions) is monotone decreasing.
When factor prices (4–5) reflect marginal factor productivities, the factor
shares, L; K, of labor and capital are equal to product (output) elasticities, wrt.
partial factor variation,
L ¼ wL
pY
EðY;LÞ  @Y
@L
L
Y
¼ MPL
APL
¼ EðY
K
;
L
K
Þ ¼ EðAPK; kÞ
K ¼ rK
pY
EðY;KÞ  @Y
@K
K
Y
¼ MPK
APK
¼ f
0ðkÞ
f ðkÞ=k ¼ Eðy; kÞ ¼ EðAPL; kÞ
ð25Þ
Hence column 9, (L), is arithmetically obtained by columns 2–3 in Table A.
Analytically, (L; K) are explicitly given in discrete form by, cf. (24), (6),
LðkÞ ¼ 1 K; KðkÞ ¼ MPK
APK
¼ ð1=9Þk
ð51=40Þð10=9Þk  1
; Kð1Þ ¼ 4
15
; k ¼ 1;2;3; . . . ð26Þ
KðkÞ ¼ 0:10536k
1:26e0:10536k  1 ; Lð0Þ ¼ 1; Kð0Þ ¼ 0; limk!1 LðkÞ ¼ 1; limk!1 KðkÞ ¼ 0 ð27Þ
The factor shares, (26), are here – as observed in column 9 – not monotone
functions, although always being the ratio of two monotone increasing
(decreasing) functions. The share L, (26–27), has a minimum at a finite size:
k = 5, [at r(k) = 1], Tables A–B.
As we know today, behavior of the shares (26) is clearly understood by values
of the substitution elasticity, r(k). To get r(k), we first consider the marginal rate
B. S. Jensen
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of substitution (MRS), x(k), column 7, and given by the discrete expression, cf.
(23), (6),
xðkÞ ¼ w
r
¼ MRS ¼ MPL
MPK
¼ 951
40
ð10=9Þk  ð9þ kÞ;xð1Þ ¼ 11
4
; k ¼ 1;2;3; . . . ð28Þ
which is monotone increasing function x(k). Column 8 shows z(k) = 1/MRS.
Until (28), discrete production functions were adequate for computational
purposes. The elasticity of x(k), (MRS), is the reciprocal of r(k), cf. Robinson
(1933, pp. 256, 330)
1
rðkÞ  EðxðkÞ; kÞ 
dlnx
dlnk
¼ dx
dk
k
x
¼ dx
dk
K
L
; Eðk;xÞ ¼ r ð29Þ
But to obtain/calculate the size/values of r(k), (29), the smooth version of f(k) –
in Propositions 1 – is needed. To this end, we have, cf. (19), (15), (26), (28),
xðkÞ ¼ MPL
MPK
¼ 0:9 15
4
 1
ln 0:9
 
eðln 0:9Þk  1
ln 0:9
þ k
 
ð30Þ
The expression for r(k), (29), of – Y = F(L,K) = Lf(k) – can be formulated in vari-
ous equivalent forms as, cf. Hicks,7 (1932, pp. 117–119, 242–245), and (25–26),
rðkÞ 
@F
@L
@F
@K
@2F
@L@K F
¼  ½f ðkÞ  f
0ðkÞkf 0ðkÞ
f 00ðkÞk f ðkÞ ¼
MPLMPK
@MPL=@KF
¼ K
EðMPL; kÞ ¼
EðAPL; kÞ
EðMPL; kÞ
¼EðAPL;MPLÞ ¼ MPLMPK
@MPK=@LF
¼  L ¼ 1 K
EðMPK; kÞ ¼
EðAPK; kÞ
EðMPK; kÞ ¼ EðAPK;MPKÞ
ð31Þ
The most convenient version in (31) is here the third last one, giving, cf. (27)
rðkÞ ¼  1 K
EðMPK; kÞ ¼
1
1 1:26e0:10536k þ
9:491
k
ð32Þ
rð1Þ ¼ 6:96; lim
k!0
rðkÞ ¼ 1; lim
k!1
rðkÞ ¼ 0
The values of r(k) are shown in column 10, as calculated from (32). Although
the substitution elasticity (r) is not a parameter in the production functions above,
its implicit behavior and our calculated values of r(k) in Tables A–B, are key num-
bers in understanding the sequences of factor shares and the entire pattern for the
economic variables in all other columns.
It is remarkable that the full range of r(k) from zero to infinity (32)
is obtained by the smooth functional forms of Proposition 1, (18–19). Few, if any
VES (variable elasticity of substitution) functions have such range for r(k).
7. The Hicksian elasticity of factor substitution arose from the study of the elasticities of Marshallian
derived factor demands where it was the marginal uses and hence the changing marginal produc-
tivities of each factor that must be studied and calculated. Hicks unified the ’derived factor
demand’ approach with the ’analysis of isoquants’; on isoquants, see Frisch (1965, p. 49), Lloyd
(2012, p. 4).
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4. VON TH€UNEN’S SMOOTH PRODUCTION FUNCTION, f(k)
We now come to the apex in his long search for a feasible production function.
Biographic material supports our exposition. In a letter (to son, 1848), we read,
Schneider (1934, p. 6): “The problem to find an equation between capital and the
product of labor, which I have toiled with in vain for 20 years, suddenly cleared up
for me, and I have during the three days, 17–19 January 1848, found a schedule,
which satisfies all my present requirements, if also in future I do not know” (italics
original). The schedule that von Th€unen found – January 1848 – is given in
Table C, and as:
Proposition 2. von Th€unen’s smooth production function f(k), in Table C, is,
y ¼ APLðkÞ ¼ f ðkÞ ¼ cð1þ kÞa;0\a\1; f ð0Þ ¼ c; lim
k!1
f ðkÞ ¼ 1 ð33Þ
MPK ¼ f 0ðkÞ ¼ acð1þ kÞa1;EðMPK; kÞ ¼ ða 1Þk=ð1þ kÞ; lim
k!1
f 0ðkÞ ¼ 0 ð34Þ
RðkÞ ¼ MPKk ¼ f 0ðkÞk ¼ ack=ð1þ kÞ1a; lim
k!1
RðkÞ ¼ 1 ð35Þ
MPLðkÞ ¼ APL MPKk ¼ cð1þ kÞa½1 ak=ð1þ kÞ; lim
k!1
MPLðkÞ ¼ 1 ð36Þ
zðkÞ ¼ a=½1þ ð1 aÞk; zð1Þ ¼ a=ð2 aÞ; lim
k!1
zðkÞ ¼ 0 ð37Þ
Y=K ¼ APKðkÞ ¼ APLðkÞ=k ¼ cð1þ kÞa=k; lim
k!1
APKðkÞ ¼ 0
f 00ðkÞ=f 0ðkÞ ¼ EðMPK; kÞ=k ¼ ða 1Þ=ð1þ kÞ
xðkÞ ¼ MPL=MPK ¼ ð1=aÞ½1þ ð1 aÞk;xð1Þ ¼ ð2 aÞ=a
KðkÞ ¼ MPK=APK ¼ ak=ð1þ kÞ; Kð1Þ ¼ a=2; Kð0Þ ¼ 0; Lð0Þ ¼ 1
lim
k!1
KðkÞ ¼ a; lim
k!1
LðkÞ ¼ 1 a
rðkÞ ¼ ðK  1Þ=EðMPK; kÞ ¼ ½1þ ð1 aÞk=½ð1 aÞð1þ kÞ
lim
k!0
rðkÞ ¼ 1=ð1 aÞ; lim
k!1
rðkÞ ¼ 1; rð1Þ ¼ ð2 aÞ=2ð1 aÞ
VðkÞ ¼ zsL ¼ zðMPL  cLÞ ¼ acð1þ kÞa1  cL½1=aþ ðð1 aÞ=aÞk1 ð38Þ
The selected parameters of (33) were: a = 1/2, c = 80, [isoquants, see Figure 1 (b)]
Y ¼ Lf ðkÞ ¼ Lcð1þ kÞa ¼ cL1aðLþ KÞa ¼ L80ð1þ kÞ12; f 0ðkÞ ¼ 40ð1þ kÞ12 ð39Þ
VðkÞ ¼ 40ð1þ kÞ12  100ð2þ kÞ1; cL ¼ 100; lim
k!1
VðkÞ ¼ 0 ð40Þ
The numbered formulas (33–40) [without the limits] are from Th€unen (1875,
2.II, pp. 45–46), Dempsey (1960, pp. 340–343); (38), (40) are clarified in section
5, ‘Natural Wages’. On Table C, von Th€unen (1875, 2.II, pp. 47), Dempsey (1960,
pp. 342) says (in our notation),
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‘This Table satisfies the requirements:
1 y [APL, (39), column 2] follows from the equation (33) without, as in earlier
expositions, being searched for in the summation of increments [DAPL , (7),
column 3].
2 For k = 0 : y = c. It follows from the equation itself. In all the previous exposi-
tions, a work product [y] had to be assumed for k = 0 without our being able
to verify its origin.
3 Rentals [R(k), (35)] rises continually with capital [column 6].
4 The workers relative share [L, column 9] in the product decreases, if the capi-
tal increases, although the absolute amount of the wage continues to rise
[MPL, column 7].
5 The rentals [V(k), (38)] of the capital producing workers reaches the maximum
[column 13], when the wage [MPL, column 7] is
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p
[column 14], [ k = 20,
(k = 19.70)].
So it appears, after more than 20 years of fruitless effort, I am finally prepared
to present an equation [39] and construct a schedule [Table C] satisfying all
known requirements’.
We may offer a few comments on his requirements (1–5):
Ad.(1.) The availability of a succinct power function (33) is of course for many
purposes much more convenient than the fundamental discrete summation for-
mula (10).
Ad. (2.) If admissible at k = 0, using (c) to postpone ‘calibration’ is often conve-
nient. On general calibration issues, cf. Klump and de La Grandville (2000), and
see CES cases below.
Ad. (3.-4.) Regarding satisfactory production functions for agricultural technolo-
gies and factor shares, it is true that – in comparison with Tables A–B – the
behavior of total rentals R(k), (35), and factor (cost) shares of labor for large val-
ues of (k) – cf.LðkÞ; KðkÞ, a = 1/2 – are much more plausible in Table C. The size
of the substitution elasticity r(k) does not eventually fall below one – as in Tables
A–B. In Table C, r(k) is always above one, but it still converges to r = 1. The lat-
ter is a deficiency of Table C that he noted: ‘The only apparent shortcoming of
this schedule [39] is that the rentals [column 6] can never increase above the
wage [column 7], [KðkÞ\1=2], however large [k] may become’, von Th€unen
(1875, 2.II, p. 48), Dempsey (1960, p. 343). Clearly he foresaw that the future
wage cost share, LðkÞ, in agriculture is less than (1/2).
Ad. (5). For Table C, the smooth expression for V(k), (38), (40), directly gives,
V 0ðkÞ ¼ 20ð1þ kÞ32 þ 100ð2þ kÞ2; cL ¼ 100 ð41Þ
V 0ðkÞ ¼ 0 : ð1þ kÞ32 þ 5ð2þ kÞ2 ¼ 0, k4  17k3  51k2  43k 9 ¼ 0 ð42Þ
The root of (42) is: k = 19.70, i.e., the normative (optimal) size of (k), cf. section 5.
Hence his ‘natural wage’ with (39), (42), cf. underlined numbers in Table C, is,
MPLðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPLðkÞ
p
: MPLð19:70Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
100  80ð20:70Þ12
q
¼ 190:8 ð43Þ
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No doubt it was a relief for him to operate in Table C with a smooth parametric
production function and using (41–43) in ‘natural wage’ calculations, compared
to the alternative differentiation methods/calculations, shown in section 5 – (as
being correct, too).
However, it was also the success of (39) in coping with all his five requirements
by allowing more plausible overall economic scenarios (factor productivities, rela-
tive factor prices, distribution) – compared to Table A–B – that was the greatest
advantage of his new ‘schedule’ Table C, which – paradoxically – with its clear
logic, rich economic content, and numerical evidence behind (39) is not seen so
far in any economic journal.
Some empirical estimates of (a,k,c) – Th€unen (1875, 1863, 2.II, pp. 58, 62),8
Dempsey (1960, pp. 350, 352) – and our calculations by using Proposition 2, (37–
38), then give:
Tellow: a = 0.425, k = 13.8 : z(13.8) = 4.8%, Kð13:8Þ ¼ 0:40, r(13.8) = 1.41.
The actual wage (w/p) paid at Tellow was not the ‘natural wage’: 166.5, as
cL 6¼ 100.
Tellow: c = 87, a = 0.43, k ¼ 13:8 ¼ k : APL ¼ 277:2 ¼ APL ¼ APLð13:8Þ;ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
100  APL
p ¼ 166:5 ¼ MPL ðkÞ ¼ w=p; MPKðkÞ ¼ 8:1; VðkÞ ¼ 3:2; sL ¼ 66:5.
5. NATURAL WAGES – OBJECTIVE FUNCTION, MAXIMAND
5.1. Smooth f(k), normative capital–labor ratio and their wage
Having early completed the analysis of capital–labor ratios upon marginal pro-
ductivities, factor shares and factor substitution, some normative accumulation
and wage issues arose. Observing the columns (3, 5, 8) of Tables A–B with num-
bers of : MPLðkÞ; MPKðkÞ; zðkÞ ¼ MPKðkÞ=MPLðkÞ, as capital (k) grows, Th€unen,
Ch. 10 (1990, p. 500; 1875, 2.I, p. 106), Dempsey (1960, p. 259) noted: ‘With the
increase of capital, the “rate of interest” [z(k)]9 go down relatively much more
than the decline in the rental ½MPK for the reason that wages ½MPL rises at the
same time’.
8. p. 58: Nehmen wir aber nicht, k [=1/MRS=z], sondern die zahl der J.A., i.e., q [=k], zum Masstab,
so ist, da f€ur Tellow q = 13.8 gefunden ist, und f€ur z das Maximum der Rente stattfindet,
z = 4.78; He tries next in several ways to evaluate c. He summarizes, [a = 0.43,c = 87)] p. 62:
Damit ist nun die Aufgabe gel€ost, die Tellowschen Erfahrungen mit der Seite 47 mitgetheilten
Skala [Table C, (39)] in Einklang zu bringen, wenn dort (n) [a] statt 1/2 zu 0.43, und (h) [c] statt
80 zum 87 angenommen wird. See also – Th€unen, Ch. 23 (1990, p. 603; 1875, 2.I, p. 213),
Dempsey (1960, p. 329).
9. The “interest rate” for capital good investments is usually defined as, z ¼ r=P1, where P1 is the
initial money (cost) purchase price of one unit of the capital good, sector 1. Since here only labor
ðL1Þ is used (technology) for the “agricultural capital good”, Y1 ¼ F1ðL1;0Þ ¼ L1, the money pur-
chase price P1 of a capital good (measured in J.A) is the money wage rate, i.e., here a specific two-
sector model with:
P1 ¼ w; z ¼ r=P1 ¼ r=w; r ¼ P2MPK2 ¼ pMPK;w ¼ P2MPL2 ¼ pMPL ¼ P1MPL1 ¼ w  1
which Dorfman (1986, p. 1774) identified. Tables A–B refer to the consumer good (rye) – sector
2 – in which both factors ðL2;K2Þ are used. Column 8 shows these ‘rates of interest’ z(k);
z(1) = 40/110 = 36.4 On general two-sector models, Uzawa (1961–62), and solutions, extensions,
see Jensen (2003, 2009), Jensen and Richter (2007).
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Hence as real-wage earners (MPL), ‘self-interest’ of the workers motivates them
to promote real capital expansion, cf. (23), but as being also an ‘investor’ of a part
(sL) of their real-wages, the ‘interest’ series of (z) strengthens a conjecture that
real capital accumulation by investments of the worker’s own savings should not
go too far – and there may exist a optimal (normative) level (‘natural state’) of the
capital variable (k). So von Th€unen wanted with a proper objective function V(k)
to compute a normative capital–labor ratio, ðkÞ, and the associated normative
(natural) real wage : MPLðkÞ.
Decompose wages into a fixed level of consumption (cL) and saving (sL),
(20–22),
ðiÞ MPL ¼ cL þ sL ¼ w=p ðiiÞ pðcL þ sLÞ ¼ w ¼ pAPL  rk; pY ¼ wLþ rK ð44Þ
where (i)–(ii) are two forms of the budget constraint (rye, money) for consump-
tion/savings.
Below alternative ‘core relationships’ with ‘interest rate’ (z) are used,
z ¼ r
w
¼ r=p
w=p
¼ MPK
MPL
¼ APL MPL
kMPL
;MPL ¼ APL
1þ zk ;MPK ¼
zAPL
1þ zk ð45Þ
For (z) it makes no difference, whether the capital good is measured in (J.A.) or
in money.
The objective function was the Rentals V(k) (in rye) on worker’s real saving, sL,
(saving rate, sW ¼ sL=MPL). By ’interest rate’ (z), Note 9, Rentals V(k) are, (44–45),
VðkÞ ¼ zðkÞsLðkÞ ¼ MPKsW ¼ MPKðMPL  cLÞ
MPL
¼ MPK  cL MPK
MPL
ð46Þ
To maximize V(k), the derivative V 0ðkÞ is needed, and we obtain from, (13), (46),
V 0ðkÞ ¼ MP0K  cL
MPLMP
0
K MPKMP0L
MP2L
¼ MP0K½1 cL
MPL þMPKk
MP2L

¼ MP0K½1 cL
APL
MP2L
 ¼ MP0K½
MP2L  cLAPL
MP2L

Hence the normative value of the capital–labor ratio is a root of the equa-
tion above:
V 0ðkÞ ¼ 0 : MP2LðkÞ  cLAPLðkÞ ¼ 0, ½f ðkÞ  f 0ðkÞk2  cLf ðkÞ ¼ 0 ð47Þ
As seen from (47), the ‘Natural wage’ – MPL at normative k
 – satisfies the
equality:
9k ¼ k[0 : MPLðkÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPLðkÞ
p
; A ¼ ﬃﬃﬃﬃﬃapp ; a ¼ cL ð48Þ
First, note that the succinct square root formulas (48) need general variables,
APL [ p ] and MPL [A], and (48) hold for any parametric form of f(k). Secondly,
if we do not have an ‘exact law’, APLðkÞ ¼ f ðkÞ, we cannot compute the size
of ‘natural wage’, MPL, (48), cf. Note 3. In Table C, he had f(k) as (39), and it
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is ‘simple’ to solve (47), which was already10 done in (42–43) for the relevant
root, k [ 0 (ignoring negative k values).
With Proposition 1, these normative (‘natural wage’) calculations can also be
done for Tables A–B. Thus V(k), (46) – with f(k), f 0ðkÞ as in (18)–(19), and
cL = 100 – is :
VðkÞ ¼ 44:44  e0:10536k 1 100
529:65 e0:10536kð421:83 44:44kÞ
 
ð49Þ
In Table B, V(k) is (49) with (44.44,529.65,421.83) changed to (33.33,397.24,316.38).
For (49), the root ðkÞ of (47) is: k = 7.20. In Table A, ‘The maximum value of
V(k) [8.79] is attained at k = 8 J.A. The rate of interest (z) is 10.4% at this
maximum point, where the wage (MPL) amounts to 184.5’, Th€unen, Ch. 11
(1990, p. 508; 1875, 2.I, p. 114), Dempsey (1960, p. 264), i.e., very close to
the exhibited size of natural wage (183.9), (underlined column 14). Note that
‘natural’ wage formula, (48) only coincides with a marginal productivity wage
[here 184.5] at levelðkÞ. Column 14 was not shown with Tables A–B – a neglect
causing confusion.
For Table B, we get – using Corollary 1.1 with f ðkÞ; f 0ðkÞ, (18–19), and cL = 100,
the root ðkÞ of (47) is: k = 9.85. In discrete terms, Table B gives maximum of
V(k): k = 10 J.A (underlined row). Hence to maintain cL = 100, a higher k is
required in Table B. Thus, summing up and comparing the implications of this
lower TFP parameter (A = 0.8) in Table B, Th€unen, Ch. 12 (1990, p. 516; 1875,
2.I, p. 123), Dempsey (1960, p. 270) writes: ‘At the maximum [of V(k)] the wage
in Table A is 184.5, in Table B it is 161.3; and the rate of interest in Table A is
10.4%, and 7.3% in Table B.
The decrease in the fertility of the soil therefore implies the following:
1 To reach maximum [of V(k), (49)], a greater capital investment [k] is necessary
2 That [natural] wages ½MPLðkÞ fall, as well as the interest [z], though the latter
falls in much greater proportion than the former’.
5.2. von Th€unen’s natural wage calculations without f(k)
Lacking before Table C (1848) a smooth f(k), von Th€unen did neither get roots k
nor his natural wage formula (48) from (47). But he could see in the Tables A–B,
that V(k) had a maximum. Hence there are sizes for some other variables giving
this maximum to, V ¼ zsL, (46). First, von Th€unen eliminates the variable (z) in
V with (44–45):
V ¼ zsL ¼ MPKsL
MPL
¼ ðAPL MPLÞsL
kMPL
¼ ½APL  ðcL þ sLÞsL
kðcL þ sLÞ ¼ VðsLÞ ð50Þ
10. Samuelson (1983, 1986), Dorfman (1986) did not notice, f(k), V(k), (39–40), Proposition 2, and
the related discussion of solutions of the equations (41–43), Table C, – despite both using the
Dempsey (1960) translation. Dorfman (1986, p. 1775) gave (47) in another form, as did van
Suntum (1988, p. 403). Samuelson (1986, p. 1780) essentially only (with B = 1) restates (46) and
(47–48) in ‘bad’ notation.
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Treating k;APL; cL, as constants
11, variable12savings (sL) maximizing
13V(50) imply,
dVðsLÞ
dsL
¼ kðcL þ sLÞ½APL  ðcL þ sLÞ  sL  ½APL  ðcL þ sLÞsLk
½kðcL þ sLÞ2
¼ k½cLAPL  ðcL þ sLÞ
2
½kðcL þ sLÞ2
¼ cLAPL MP
2
L
kMP2L
ð51Þ
dVðsLÞ=dsL ¼ 0 : sL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p
 cL;MPLðsLÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPLðsLÞ
q
ð52Þ
The steps of reductions from (51) to (52) are obvious, using again (44).
The root of (51) is, sL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p  cL. From Table A, sL ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
100  338:1p  100 ¼ 183:9  100 ¼ 83:9, which is close to, sLðkÞ ¼ 84:5, with
its ’discrete’ maximum of V(k) and its ’natural wage’ (183.9). Similarly for
Table B, sL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
100  278:3p  100 ¼ 166:8  100 ¼ 66:8, and sLðkÞ ¼ 61:3.
Table C, sL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
100  366:6p  100 ¼ 191:5  100 ¼ 91:5, and sLðkÞ ¼ 92:0.
This natural wage formula (52) was checked by three variable expressions, equiv-
alent to the variation of sL. Rewriting (50), as V(z)
14, VðaKÞ,15aK ¼ r=p, or
VðaLÞ,16aL ¼ w=p, cf. (44–45), we get
V ¼ zsL ¼ z½ APL
1þ zk cL ¼ VðzÞ
dVðzÞ
dz
¼ APL
ð1þ zkÞ2
 cL; z ¼ ðAPL=cLÞ
1
2  1
k
;MPLðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p ð53Þ
V ¼ zsL ¼ ½ r=p
w=p
sL ¼
r
p ðAPL  rp k cLÞ
APL  rp k
¼ aKðAPL  aKk cLÞ
APL  aKk ¼ VðaKÞ
dVðaKÞ
daK
¼ ðAPL  aKkÞ
2  cLAPL
ðAPL  aKkÞ2
; aK ¼
APL  ðcLAPLÞ
1
2
k
;MPL ¼ ðcLAPLÞ
1
2 ð54Þ
11. He certainly knows, cf. Note 3, that when (k) is here being a constant, so is APL in (50–51).
12. In diesem f€ur die Gr€osse der Rente gefundenen Ausdruck [VðsLÞ] ist (z) nicht vorhanden und (y)
[€Uberschuss, surplus, saving/investment, sL, (44 ii)] die einzige noch unbestimmte Gr€osse.
Th€unen, Ch. 15 (1990, p. 545; 1875, 2.I, p. 154), Dempsey (1960, p. 291).
13. On (52), he says : ‘Diesen, nicht aus dem Verh€altnis zwischen Angebot und Nachfrage entsprin-
genden, nicht nach dem Bed€urfnisdes des Arbeiters abgemessenen, sondern aus der freien Selb-
stbestimmung der Arbeiter hervorgehenden Lohn
ﬃﬃﬃﬃﬃ
ap
p
nenne ich den naturgem€assen oder den
nat€urlichen Arbeitslohn’. Th€unen, Ch. 15 (1990, p. 549; 1875, 2.I, p. 157), Dempsey (1960, p.
292); Hall (1966, p. 251).
14. Th€unen, Ch. 16 (1990, p. 551; 1875, 2.I, p. 159), Dempsey (1960, p. 294).
15. zur vollst€andigen L€osung geh€oren die Kenntnis der Gleichung zwischen q, p, und a. In Erman-
glung dieser Kenntnis k€onnen wir indessen der L€osung n€aher kommen, wenn wir a als variabel,
p und q aber als konstant betrachten, und durch den Kalk€ul erforschen, in welchen Verh€altnis a
zu q und p stehen muss, wen die Arbeitsrente die H€ochste sein soll. Bei welchem Wert von (a)
erreicht nun die Arbeitsrente [VðaKÞ], das Maximum? – Th€unen, Ch. 18 (1990, p. 561; 1875, 2.I,
p. 169), Dempsey (1960, p. 301).
16. Der Arbeitslohn
ﬃﬃﬃﬃﬃ
ap
p
erf€ullt also die Bedingung, die Rente [V ¼ zsL] mit dem Minimum von
Arbeitskr€aften zu erzeugen – Th€unen, Ch. 20 (1990, p. 593; 1875, 2.I, p. 203), Dempsey (1960,
p. 322).
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V ¼ zsL ¼ ðAPL  w=pÞðw=p cLÞ
kðw=pÞ ¼
ðAPL  aLÞðaL  cLÞ
kaL
¼ VðaLÞ
dVðaLÞ
daL
¼ cLAPL  a
2
L
ðkaLÞ2
; aL ¼ ðcLAPLÞ
1
2;MPL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p ð55Þ
The steps of reductions in (53), (54), (55), are analogous to that of (51) to (52).
The root of (53) is, z ¼ ½ð338:1=100Þ12  1=8 ¼ 0:1048, cf. Table A, z(k) = 0.104
for discrete maximum of V(k). For Table B, z ¼ ½ð278:3=100Þ12  1=10 ¼ 0:0668,
cf. z(k) = 0.073. In Table C, z ¼ ½ð366:6=100Þ12  1=20 ¼ 0:0457, cf. z(k) =
0.045.
At these ‘interest numbers’, z ¼ r=P1, cf. Note 9, yield V(z) on capital good
investments of the workers are maximized, and MPLðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p
.
The related (optimal) normative (k) was formally calculated by linking (53)
with (z) formula (45), Th€unen, Ch. 18 (1990, p. 559; 1875, 2.I, p. 168), Dempsey
(1960, p. 300) :
z ¼ z : z ¼ APL 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p
k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p  cL
kcL
, k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p  cL
zcL
ð56Þ
The size (56) is: k ¼ 83:88=ð0:1048  100Þ ¼ 8:00, cf. k = 8, Table A. Thus he
knew that differential procedures (52), (53), (56) gave the same results as (47)
with explicit f(k).
Next, having obtained the normative ‘interest rate’ z ¼ r=P1, we also know
that, z ¼ r=w ¼ 1=MRSðkÞ ¼ MPLðkÞ=MPKðkÞ, cf. (45). Hence as reciprocals, we
have, ð1=zÞ ¼ ðw=rÞ ¼ MRSðkÞ17numbers: 9.61, 13.78, 21.9, see Tables A–C (un-
derlined rows). Therefore we have also solved MRSðkÞ with optimal capital–labor
substitution.
Thus for, ð1=zÞ ¼ ðw=rÞ ¼ MRSðkÞ, with maximum of V(z) and (MPL) wages
equal to the ‘natural’ wages, we have also overall efficient sector allocations of
labor (L), and within sector 2 optimal substitution of capital (K) and labor (L) at
that ratio, k ¼ k.
If k\ k, some workers should be transferred from the rye fields to capital for-
mation (‘drainage’, ‘digging canals’) to improve the labor productivity of the rye
field workers. Loss of rye output from departing capital producing workers is
more than compensated by increased productivity and outputs of workers in the
rye fields. If k [ k, there should be labor adjustments with some workers leaving
the existing estate to build up a new one to get maximum rentals on workers sav-
ing with its ‘natural wage rate’ at, k ¼ k.
The root of (54) is, ðr=pÞ ¼ aK ¼ ½338:1  ð338:1=100Þ
1
2=8 ¼ 19:28, cf.
MPK ¼ 19:2, Table A, for discrete maximum of V(k) = 8.81. For Table B, we have,
ðr=pÞ ¼ aK ¼ ½278:3  ð278:3=100Þ
1
2=10 ¼ 11:25, cf. MPK ¼ 11:7, V(k) = 4.45.
Hence at maximum of VðaKÞ: ðr=pÞ ¼ MPK – so the rental rate condition, (5),
17. Die Frage ist, wie gross k = 1/z sein muss, wenn die Ersetzung der menschlichen Arbeit durch
das Kapital weder Vorteil noch Nachteil bringen soll – Th€unen, Ch. 17 (1990, p. 555; 1875, 2.I,
p. 163), Dempsey (1960, p. 297).
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holds for minimizing the production costs. For Table A, we see from18 (54),
k ¼ APLðcLAPLÞ
1
2
a
K
¼ ½338:1  ð338:1=100Þ12=19:28 ¼ 8 – same ratio, k ¼ 8, as with
(56). The different ways of calculating the normative (kÞ and other variables are
in harmony.
The root of (55) is, aL ¼ ðw=pÞ ¼ ð100  338:1Þ
1
2 ¼ 183:87, cf. MPL ¼ 184:4,
V(k) = 8.79, Table A. Table B, aL ¼ ðw=pÞ ¼ ð100  278:3Þ
1
2 ¼ 166:8, cf.
MPL ¼ 161:3, V(k) = 4.45. Thus for ‘natural wage’, ðw=pÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p
, we have:
ðw=pÞ ¼ MPLðkÞ. Hence we have shown that maximizing rentals V ¼ zsL(55)
wrt. (variable) wages, (w/p) – that satisfy budget constraint (44, ii) with fixed, cL –
gives ‘natural wage’
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p
, as also the wage rate: ðw=pÞ ¼ MPL, (4) – the factor
price for labor input (L) of minimal costs. As mentioned in Note 17, von Th€unen
concluded : It is in their ‘own interest’ as workers that their wages are also deter-
mined by the MPL factor price principle, (4), as it is for their cost minimizing
employer, (44), and here he placed Table 2 above as an illustration in chapter 19,
discussing both factor prices of labor (w/p) and ‘natural wage’.
von Th€unen did not formally differentiate V wrt. aL ¼ w=p as in (55) – but
checked his normative MPL as: sL ¼ MPL  cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p  cL ¼ cL½ðAPL=cLÞ
1
2
1 ¼ cLzk ¼ sL, and these equalities were satisfied by his earlier expressions for
sL, z
, in (52), (53).
From Table B, (using for k = 6–12, columns 2, 3, 5, 12, 14), von Th€unen illus-
trated convergence19 of wage rates to the normative rate, implied by a maximum
return on real savings (sL) : V ¼ zsL. Mathematical and economic issues involved
in his ‘convergence’ are important for the rationale and quantitative results of
natural wage formulas, (52–55).
First, in Tables A–C, clearly the same values of V() are obtained by (44), (46),
(52–55)
VðkÞ ¼ VðsLÞ ¼ Vðz½sLÞ ¼ VðaK½sLÞ ¼ VðaL½sLÞ ð57Þ
These numbers are given in our column 12 – on VðaK½sLÞ ¼ VðaL½sLÞ, see Note 19.
Budget constraint, w/p = APL  ðr=pÞk ¼ cL þ sL, (44, ii), holds in (57). Restate
(55):
V ¼ zsL ¼ APL w=p
k
½1 cL
w=p
 ¼ Vðw=pÞ ¼ VðaLÞ ¼ VðaL½sLÞ ð58Þ
18. Erst dann, wenn
ﬃﬃﬃﬃﬃ
ap
p ¼ p  aq , d.i, wenn q ¼ ðp  ﬃﬃﬃﬃﬃapp Þ=a [q] geworden, findet das unbedingte
Maximum statt. Es liegt also im Interesse der Arbeiter, q genau diese Gr€osse zu geben, bei wel-
cher dessen Wert ðp  ﬃﬃﬃﬃﬃapp Þ=a ist, mithin ist diese Wert von q Bestimmungsgrund f€ur die h€ohe
des relativen Kapitals – Th€unen, Ch. 18 (1990, p. 568; 1875, 2.I, p. 177), Dempsey (1960, p.
306).
19. Follow-up on Note 18 – Th€unen, Ch. 18 (1990, p. 561; 1875, 2.I, p. 170), Dempsey (1960, p.
302): Beim Maximum der Arbeitsrente ist also gleichzeitig der Arbeitslohn = p  aq und auch
gleich
ﬃﬃﬃﬃﬃ
ap
p
. Wie abweichend auch der Arbeitslohn = p  aq von dem ﬃﬃﬃﬃﬃapp bei verschidenen
Werten von (q) sein mag, so fallen sie doch zusammen, wenn (q) die H€ohe [q] erlangt, bei wel-
chem die Arbeitsrente das maximum erreicht. Beispiel in Zahlen auf Grundlage der Tabelle B. –
cf. Tables 1–2 in Helmst€adter (1995, pp. 77–78). As mentioned by van Suntum (1988, pp. 396),
this ‘Beispiel’ table would have benefited from including the aK column, and explaining that
numbers, aK ¼ r=p (equal to MPKðkÞ, Table B) comes here from meeting budget restriction (44
ii) on the investments of worker’s saving. The last ‘small unit’ (dK) of capital (‘Kapitalteilchen’)
invested is always assumed to have the factor price, (r/p), (5).
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Inseting w=p ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃcLAPLðkÞp into (57), the rentals on worker’s real saving, (sL)
become
eV ¼ APL  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃcLAPLp
k
½1 cLﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p  ¼ 1
k
½APL  2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p
þ cL ¼ eV ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃcLAPLp Þ ð59Þ
Budget constraint (44, ii) also holds in (59), but neither w/p nor r/p are marginal
productivity numbers, i.e (44, i) is violated in (59), whereas (44, i) is satisfied in
(57–58). For Table B, k = 6–12, the numbers eV by (59) are: 4.07, 4.27, 4.38, 4.45,
4.47, 4.45, 4.41. As another column to Table B, the maximum 4.47 confirms
(58–59) coinciding at, k ¼ 10.
On ‘Natural Wage’ calculations, Samuelson (1986, p. 1784) ends with a ‘Moral:
Th€unen should have trusted his arithmetical searching for his maximum point, as
in his Tables of Chs. 11–12. His temptation to use the fancy differentiation for-
mulas of his elementary calculus was what did him in. Half-baked mathematics
can be worse than none’. But the differentiation of the objective function in
(55) – ‘critique of Schumpeter’s version’ – and von Th€unen’s own natural wage
differentiation formulas, (52–54), are bona fide (mathematical correct) alternatives
for deriving his natural wage form: MPL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p
.
As illustrations from Tables A–B showed, they are equivalent calculation proce-
dures (57) and providing the normative solutions of sL; ðr=pÞ, ðw=pÞ. Moreover,
columns of Tables A–B were clearly not arbitrary numbers (data) – but coherent
marginal productivities originating from a parametric production function f(k), Propo-
sition 1 – lack of which caused some mayhem in the literature, including Samuel-
son (1983, 1986), Leigh (1946).
Beyond the normative explicit calculations, (41–43), (47–48) in Table C, we offer
von Th€unen’s synopsis20 (our symbols) of ‘natural wage’ calculations (52–55) for
Tables A–B : ‘We have determined the relationship between wages and interest
rates by four different methods: 1) Capital creation by labor [ capital accumulation
by labor savings, sL; interest rate as, z
 ¼ r=P1 ¼ r=w ], Chs. 15–16; 2) Capital
substitution for labor [interest rate as, z ¼ r=w ¼ 1=MRS ¼ MPK=MPL], Ch. 17;
3) Factor price, rental rate, of capital [rental rate as marginal product of capital,
ðr=pÞ ¼ MPK ], Ch. 18; 4) Factor price of labor [wage rate as marginal product of
labor, ðw=pÞ ¼ MPL ], Chs. 19–20.
As all these investigations came down to the wage rate:
ðw=pÞ ¼ MPL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p
, I may be permitted to state the Proposition,
the Natural Wage is:
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p
’.
20. Frage: Welches die Schranke f€ur die Vermehrung des Kapitals bildet – k€onnen wir dahin beant-
worden. Wir haben jezt das Verh€altnis zwischen Arbeitslohn und Zinsfuss nach vier verschiede-
nen Methoden und Gesichtspunkten zu bestimmen gesucht; wir haben n€amlich:
1. die Kapitalerzeugung durch Arbeit untersucht; dann
2. das Kapital als Arbeit ersetzend betrachtet; ferner
3. den Zinsfuss durch die Nutzung des zulezt angelegten Kapitalteilchens bestimmt; und endlich
4. das Mehrerzeugnis durch den zulezt angestellten Arbeiter als Mass f€ur den Arbeitslohn
angenommen.
Da nun aus allen diesen Untersuchungen der Arbeitslohn =
ﬃﬃﬃﬃﬃ
ap
p
siegreich hervorgegangen
ist: so glaube ich – wenn man den, der Organisation des Menschen und der physischen
Welt entsprechenden Lohn, den naturgem€assen nennt – jezt den Satz aufstellen zu d€urfen: der
naturgem€asse Arbeitslohn ist:
ﬃﬃﬃﬃﬃ
ap
p
.
Th€unen, Ch. 21 (1990, p. 596; 1875, 2.I, p. 206), Dempsey (1960, p. 324).
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6. CES FORMS AND MARGINAL PRODUCTIVITY WAGES
The production functions in von Th€unen’s Tables A–C implied a variable
substitution elasticity, VES, r(k). Let us now consider the isoelastic, r(k) = r, CES
form.
CES expressions of F(L,K) and f(k), are given by, Arrow et al. (1961, p. 230):
Y ¼ FðL;KÞ ¼ c ð1 aÞLr1r þ aKr1r
h i r
r1
; Fð1;1Þ ¼ c;0\a\1;0\r\1
APLðkÞ ¼ y ¼ f ðkÞ ¼ c 1 aþ akr1r
h i r
r1
; f ð1Þ ¼ c ¼ APLð1Þ; f 0ð1Þ ¼ ac ð60Þ
MPKðkÞ ¼ f 0ðkÞ ¼ ac 1 aþ akr1r
h i 1
r1
k
1
r ¼ ac aþ ð1 aÞk1rr
h i 1
r1 ð61Þ
Hence by (60–61), (31), we get with CES :
EðMPKðkÞ; kÞ ¼ 1r
1 a
1 aþ akr1r ¼ 
LðkÞ
r
Generally MPLðkÞ and APLðkÞ is related to r(k) by core expressions (3), (31) – that
as a second order differential equation was the basis for deriving, (60), Arrow
et al. (1961, p. 229),
EðMPL;APLÞ ¼ 1=rðkÞ ¼ EðMPK;APKÞ ð62Þ
Hence we see from (62), that any production function f(k) with a constant elas-
ticity of substitution – r(k) = r, for all k – must for APLðkÞ allow for: The reduc-
tion of MPLðkÞ, (12), to a unique proportionality (b) relationship with ½APLðkÞ1=r
MPLðkÞ ¼ APLðkÞ MPKðkÞk ¼ b APLðkÞ½ 1=r;MPLð1Þ ¼ cð1 aÞ ð63Þ
For several purposes, we need to calculate b exactly; by (60–61), and (63), we get :
MPL ¼c 1 aþ akðr1Þ=r
h ir=ðr1Þ
ac 1 aþ akðr1Þ=r
h i1=ðr1Þ
kðr1Þ=r
¼cð1 aÞ 1 aþ akðr1Þ=r
h i1=ðr1Þ
¼ cð1 aÞ ð1=cÞAPLðkÞ½ 1=r
¼cðr1Þ=rð1 aÞ APLðkÞ½ 1=r¼ b APLðkÞ½ 1=r;b ¼ cr1r ð1 aÞ
ð64Þ
6.1. von Th€unen’s ‘Geometric Mean’ Formula and CES: r = 2
Implications and clues for the actual size of r can be obtained from evaluating
f(k) at the lower limit value of the capital–labor ratio. We have from (60),
r ¼ 1 : f ð0Þ ¼ 0; r\1 : lim
k!0
f ðkÞ ¼ 0
In all his Tables A–C, von Th€unen had f ð0Þ ¼ APLð0Þ positive, as some output in
agriculture can be produced by labor without capital, i.e., capital is not an essen-
tial input. Accordingly, constant substitution elasticities, r ≤ 1, are inadmissible
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for him. Such calibration with, f(0) = F(1,0), for r > 1 in (60), (63), gives:
r[1 : 0\f ð0Þ ¼ cð1 aÞ rr1 ¼ APLð0Þ ¼ MPLð0Þ , c ¼ ð1 aÞ
r
1rMPLð0Þ
The proportionality factor b, (64), can be restated in the initial values of MPLð0Þ:
r[1 : b ¼ cr1r ð1 aÞ ¼ ½ð1 aÞ r1rMPLð0Þ
r1
r ð1 aÞ ¼ MPLð0Þ½ 
r1
r ð65Þ
The integer value above r > 1 is r = 2, and we show the implications for MPLðkÞ.
Proposition 3. With CES: r = 2, the generalMPLðkÞ formula becomes by (64–65),
8k0 r ¼ 2 : MPLðkÞ ¼b APLðkÞ½ 1=r¼ MPLð0Þ½ 1=2 APLðkÞ½ 1=2
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPLð0ÞAPLðkÞ
p
¼ ﬃﬃﬃﬃﬃﬃﬃyoyp ð66Þ
CES formula (66) for MPLðkÞ is congruent to von Th€unen’s ‘Geometric Mean’ for-
mula – with the status as a positive (descriptive) marginal productivity wage rate,
(12):
8k0 r ¼ 2 : A ¼ ﬃﬃﬃﬃﬃapp ð67Þ
A : Wage rate (output [rye] as numeraire) – ‘Arbeitslohn’: w=p ¼ MPLðkÞ, (4), (12),
p : Labor productivity – ‘Arbeitsprodukt’ : y = APLðkÞ, (10),
a : Limit wage – ‘Arbeitslohn ohne Kapital’: ðw=pÞo ¼ MPLð0Þ ¼ APLð0Þ ¼ yo, (8),
Labor productivity without capital, ‘Arbeitsprodukt eines Mannes ohne Kapi-
tal’, APLð0Þ.
The beautifully simple formula (67) is engraved on a marble scroll of the
gravestone for – der Gutsbesitzer Dr. Johann Heinrich v. Th€unen auf Tellow, 24
Juni 1783 – 22 September 1850 – in the churchyard of Belitz, Mecklenburg ; see
picture in Helmst€adter (1995, p. 45).
His square root formula is now provided with a rigorous economic-mathemati-
cal foundation as a marginal productivity wage for any (K/L) with the CES parameter
value, r = 2, and the formulas (66–67) show correctly, how more capital affects
labor productivities and always increase wages, as he had numerically demon-
strated (23) in column 3, Table A–B. Indeed, the wage rate, MPLðkÞ, as here the
geometric mean, (66–67), of MPLð0Þ and APLðkÞ is always above MPLð0Þ and below
APLðkÞ, (for any k).
CES formula (66) for MPLðkÞ may be checked by MPLð1Þ, cf. (60–61), (63),
r ¼ 2 : MPLð1Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
MPLð0ÞAPLð1Þ
p
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cð1 aÞ2c
q
¼ cð1 aÞ
The tomb-stone formula (66–67) may commemorate von Th€unen’s fundamental
marginal productivity (‘Wirksamkeit’) statements about capital and labor – that
were expressed in the equations (9–14) about the partial derivatives (discrete
and continuous) of the two-factor production function, Y = F(L,K). CES func-
tions (60) may be seen as parametric extensions of the (18), (39), production
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functions. These generalization are performed by more relevant elasticity21
properties (62–63) of the marginal productivity functions of L and K; von
Th€unen’s serendipity is vindicated with the calibrated CES formulas, (66–67).
With larger values of r, the marginal productivities decline less rapidly
with their own factor and increase stronger with the other factor. Thus r is
technologically also a symmetric total productivity parameter, (31). The eco-
nomic approach of deriving f(k), (60), was similar to that of f(k), (31–32),
Proposition 1.
The attention by von Th€unen to ‘natural wages’ , MPL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cLAPL
p
, (48), was
due to the monotonic22 relation between wages and labor productivity at norma-
tive: ðk ¼ kÞ – as to him, the ‘source of the evil’ was the separation of wages and
productivity.
The monotonicity applies not only to his ‘natural wages’, it holds universally
to every marginal productivity wage, MPL, and labour productivity, APL, of any
regular production function, f(k), for all capital–labor ratios, (0≤k=K/L≤∞),
cf. (1), (67).
Comparing monotone wage formulas, (67), (48), symbols ∀, ∃, decide a point
raised by Krelle (1987, p. 6). If we want to embed one of them as a wage relation
in macrodynamic models, we must choose (67), as its MPL property applies to
any capital–labor ratio.
The forms of this monotonicity are governed by r(k), (2–3), which was implicitly
behind the production functions, f(k), exhibited in von Th€unen’s ‘Tableau Economi-
que’, A–C. Marginal productivity factor pricing (4–5) is the turning point
(great achievement) in wage theory, allocative efficiency and economic progress
anywhere.
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21. In Tables A–B, the ‘exponential decay’ of MPKðkÞ, (19), is evidently declining too fast. The elas-
ticity Eðf 0ðkÞ; kÞ, (19), is decreasing linearly to minus infinity, implying that its reciprocal goes
to zero (completely inelastic factor demand), which then gives r(k), (32), converging to zero,
(Leontief). Piketty (2014, p. 221) argues that in the Twenty-First Century r must be larger than
one, for example, estimated on the basis of historical data : r between 1.3 and 1.6 .
22. Alle diese €Ubelst€ande, an denen der soziale Zustand Europas erkrankt ist, fallen f€ur den Arbeit-
slohn
ﬃﬃﬃﬃﬃ
ap
p
hinweg. In
ﬃﬃﬃﬃﬃ
ap
p
ist der Lohn des Arbeiters dem Wert seine Erzeugnisses proportional;
in unseren gegenw€artigen Zust€anden ist der Lohn des Arbeiters von seinem Arbeitsprodukt ganz
unabh€angig.
In der Trennung des Arbeiters von seinem Erzeugnis liegt die Quelle des €Ubels (italics original). von
Th€unen, Ch. 22 (1990, p. 600; 1875, 2.I, p. 210), Dempsey (1960, p. 327).
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